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A B S T R A C T   
Aerospace and industries where both localised compliance and weight savings play a central role in design can 
benefit from using flexible hinges. These morphing structures use no mechanical hinges for folding. They fold by 
exploiting the limit point, i.e. the Brazier moment, of a geometrically nonlinear structural response characteristic 
of thin-walled beams under bending. Therefore, a smaller Brazier moment induces smaller non-classical stresses 
in the hinge during folding. 
Two aspects make cross-ply laminates attractive for designing flexible hinges. Firstly, the difference between 
the Brazier moment of an optimal symmetric generic laminate and that of an optimal symmetric cross-ply is 
relatively small. Secondly, cross-ply laminates do not exhibit extension-shear or bend-twist couplings which can 
induce complex deformations which can present challenges during design, especially considering that available 
analytical solutions of the Brazier moment neglect their effects. Driven by these premises, this work contributes 
to the preliminary design of flexible hinges by offering an analytical solution of the optimum symmetric cross-ply 
laminate for minimising the Brazier moment, which is subsequently validated through geometrically nonlinear 
finite element analysis. Moreover, this work provides insights into the prediction of the folding load considering 
the effects of local buckling instabilities.   
1. Introduction 
Structures in Nature are able to temporally change their shape to 
accomplish a broad variety of functions using their intrinsic structural 
properties. For example, seed-bearing pine cones disperse their seeds by 
changing from a close to an open configuration as a response to humidity 
changes. They achieve such shape morphing thanks to the composite 
anisotropic nature of their structure [1]. The multi-functional ability of 
Nature to change shape has not been yet fully exploited by 
engineered-structures. Shape-adaptive, i.e. morphing, 
engineered-structures attempt to eradicate this shortcoming. Their po-
tential applications include diverse engineering fields such as aerospace 
[2], automobile [3] and wind energy [4]. Flexible hinges belong to a 
vast subfield of morphing structures known as deployables [5] with 
applications including deployable booms for aerospace applications 
[6–8], see Fig. 1, and the concept of a deployable wing by Lachenal et al. 
[9]. 
Flexible hinges based on the Brazier effect make use of localised 
compliance derived from nonlinear elastic deformations. In comparison 
with conventionally hinged deployable structures, flexible hinges enable 
the design of lighter structures with smaller part count and eliminate the 
need for lubrication. These benefits, desirable in many engineering ap-
plications, originate from the omission of mechanical linkages thanks to 
a nonlinear structural response often known as the Brazier effect [10, 
11]. The Brazier effect can be understood by considering a circular tube 
under bending load, M, that not only changes its axial curvature, κ, but 
also its circumferential curvature, i.e its cross-section flattens, see Fig. 2. 
Increasing the flattening of the cross-section steadily decreases the cir-
cular tube’s bending stiffness until the limit point, (κBrz, MBrz) - point C in 
Fig. 2 - is reached, when the structure exhibits unstable behaviour and 
folds. Then, lower MBrz translates to a lower folding load for the hinge, 
and therefore, lower stresses induced by folding. 
Layered composite materials offer both layup and material proper-
ties as design parameters to minimise the folding load of a hinge. 
Considering that both axial and circumferential curvature changes take 
place, the optimum stacking sequence for minimising MBrz could be 
considered to comprise longitudinal (zero degree) and circumferential 
(90◦) plies of stacking sequence to be established. Herein, this hypoth-
esis is analysed in some detail. 
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Recently, Bowen et al. [12] studied the optimum laminate for the 
minimisation of MBrz in long orthotropic circular tubes. Their results 
showed that the optimum laminate for minimising MBrz is actually not 
cross-ply, as we intimated earlier, which incidentally it is for maximising 
MBrz [13] with stacking sequence [90 0 90], and actually depends on 
material properties. Furthermore, their results show that the effects of 
extension-shear and bend-twist couplings in the minimisation analysis 
are non-negligible. 
Two main aspects make cross-ply laminates interesting candidates 
for the design of flexible hinges though. Firstly, as already described, is 
the attainable small difference in MBrz between optimum symmetric 
cross-ply laminates and global 4-ply symmetric optimum laminates. 
Secondly, the design simplicity offered by the absence of extension- 
shear and bend-twist couplings is beneficial. 
The folding of flexible hinges has captured less research interest than 
their opposite shape change, i.e. deployment. Lachenal et al. [9] studied 
folding in detail for the design of a deployable wing. They developed 
both finite element and analytical models to predict the folding load and 
deformation of the wing using an energetic model analogous to that 
from Brazier [11]. Even when the design of the wing included cut-outs 
(open cross-section), the analytical model captured the nonlinear 
bending nature of the problem which was further confirmed experi-
mentally. Critical locations during folding were in the cut-out regions 
which acted as stress concentrators. Mallikarachchi and Pellegrino [14] 
also considered folding in the design of deployable booms. Cut-outs 
were also identified as critical locations, as a consequence their geom-
etry was parametrically optimised. An alternative design approach 
minimises the folding load to reduce nominal stresses. Nevertheless, the 
design of such a structure is holistic; it does not depend solely on the 
packing process but also on all morphological changes (packing, 
deployment, locking and folding). All these factors influence design to 
various extents depending on the application under consideration. For 
Symbols 
A11 Longitudinal stiffness, N/mm 
A16, A26 Extension-shear coupling stiffness, N/mm 
d Tube diameter, mm 
D16, D26 Bend-twist coupling stiffness, Nmm 
D22 Circumferential bending stiffness, Nmm 
Eθ,z Effective moduli for orthotropic laminates, N/ mm2 
E11 Longitudinal Young’s modulus, N/mm2 
E22 Transverse Young’s modulus, N/mm2 
G12 Shear modulus, N/mm2 
K Coefficient of Brazier moment analytical solution 
L Tube length, mm 
MBrz Brazier moment, Nmm 
mBrz normalised Brazier moment 
Mi FE instability load, Nmm 
n Number of plies 
r Tube mid-surface radius, mm 
t Thickness of the cylinder, mm 
ux,y,z Displacements in x, y and z directions, mm 
U1 Material invariant, quasi-isotropic modulus 
xi Volume fraction of the i-th laminate layer 
x1 opt Optimum volume fraction of 90-deg lamina in [0 90 0] 
laminate 
χ Collapse parameter 
η Cross-sectional flattening 
κ Curvature, 1/mm 
λ1 First buckling load, Nmm 
ν12 Poisson’s ratio 
Q11, Q22 Transformed stiffnesses, N/mm2 
ϕx,y,z Rotations against x, y and z axes, rad 
Subscripts and superscripts 
4 − ply 4-ply symmetric laminate 
E Elliptical cross-section 




S Stockwell and Cooper 
T Tatting et al.  
Fig. 1. Yee and Pellegrino’s composite tube hinge deployed, partially folded and fully folded [7].  
Fig. 2. Equilibrium curve of a circular thin-walled tube under bending.  
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example, a minimum folding load could be a driving factor for appli-
cations whose main objective is once only folding, as could be required 
for transportation purposes before being deployed on site. In contrast, 
the minimum folding load would be less of a factor for applications 
where actuation is the main aim since the reduction of internal strain 
energy, depending on states of stresses and strains, is most important. 
Independent of application, analytical solutions that can be used simply 
to optimise morphological changes are important tools for 
multi-objective design. 
The objective of this work is to design optimal elastic cross-ply 
flexible hinges providing detailed understanding of the folding (pack-
ing) process. In particular, we present an analytical solution which de-
fines the optimum cross-ply laminate to minimise the folding load. In 
line with the objective of optimal folding, we provide an investigation 
on the mechanisms which can take place during folding, i.e. Brazier 
instability or local buckling. The outputs from this work are applicable 
to cross-ply cylindrical tubes with flexible hinges embedded in their 
structure where the tubes are sufficiently long so that the effect of 
boundary conditions can be neglected. To the best of the authors’ 
knowledge no prior work considers optimal folding of cross-ply flexible 
hinges nor examines their potential advantages for design. 
Additionally, this work is part of ongoing research to assess the use of 
flexible hinges for novel applications including the folding of large wind 
turbine blades to facilitate their transportation. Jensen et al. [15] 
showed that the Brazier effect also takes place in wind turbine blades, 
while Cecchini and Weaver offered an analytical solution of the Brazier 
moment for multibay airfoil sections [16]. However, few works appear 
to exploit the Brazier effect. The investigation of the minimisation of the 
Brazier moment in circular cross-sections offers, therefore, valuable in-
sights which are potentially to some degree applicable to airfoil 
cross-sections. 
This article is organised into four sections. The first section verifies, 
through numerical minimisation, that [0 90 0] is the optimal symmetric 
cross-ply stacking sequence. The minimisation also confirms the mate-
rial dependency of the solution. The second section presents an analyt-
ical solution which defines the optimum volume fraction of [0 90 0] as a 
function of material properties. The analytical solution is validated 
through geometrically nonlinear Finite Element (FE) analysis using the 
Riks arc-length algorithm in Abaqus [17]. Results from the analytical 
solution do not directly deliver the magnitude of the minimum Brazier 
moment, MBrz min. In fact, the prediction of this magnitude depends on 
the analytical solution chosen by the designer. To guide the designer in 
this choice, the third section offers a comparison of analytical solutions 
[18–21] against numerical results obtained through geometrically 
nonlinear FE analysis. 
Stresses originating on the compressive side of the tube during 
bending induce local buckling which could precede the Brazier insta-
bility. The last section is dedicated to the prediction of which type of 
instability causes unstable behaviour of the hinge, i.e. Brazier instability 
or local buckling. For this purpose, the use of a parameter defining the 
critical instability proposed by Tatting et al. [21] is considered. 
Furthermore, based on numerical FE results additional insights to the 
prediction of the instability mode are provided. 
2. Numerical minimisation 
The Brazier moment, MBrz, of a circular orthotropic tube of infinite 
length under pure bending has been analytically determined by several 






where K is a constant differing by author, K = 3.42, π or 4.22 according 
to Kedward [18], Stockwell and Cooper [19] or Harursampath and 
Hodges [20], respectively. No satisfactory explanations for these dif-
ferences have yet been offered but arise due to differing kinematic 
assumptions and curtailment of small terms at different stages of 
development. For optimisation purposes, the value of coefficient does 
not affect results as the functional dependence on material properties 
and geometry is identical across authors. The terms A11 and D22 repre-
sent the laminate longitudinal extensional and circumferential bending 
stiffness, respectively. 
Considering a design space of symmetric cross-ply laminates, it is 
reasonable to hypothesise a stacking sequence of [0 90 0] as being op-
timum for minimising MBrz. This choice comes about from the following 
considerations. Firstly, A11 is minimised by 90◦ and D22 by 0◦ fibre 
orientations. Secondly, the effects of 0◦ and 90◦ fibre orientations are 
almost mutually exclusive of each other as there is at least one order 
magnitude difference between their values of longitudinal stiffness. 
Finally, whilst A11 is independent of stacking sequence it is noted that 
D22 is highly stacking sequence dependent so that to minimise D22 re-
quires placing 90◦ plies at the midplane. Such considerations lead to the 
hypothesis of a cross-ply laminate with stacking sequence [0 90 0] to be 
the optimum laminate. This hypothesis is tested by using a numerical 
minimisation process. 
The minimisation process defines the optimum volume fractions of n- 
ply symmetric cross-ply symmetric laminates giving the minimum 
Brazier moment, MBrz min, for a circular tube under pure bending for pre- 
selected materials. Fibre orientation and volume fraction are both 
optimised in each ply of the laminate for 4, 6, 8 and 10-ply symmetric 
laminates. Fibre angles are defined as discrete optimisation variables, 
whereas volume fractions are treated as continuous variables. The 
minimisation process is applied to four materials, a high-modulus car-
bon fibre reinforced polymer - material 1, a carbon fibre reinforced 
polymer - material 2, and two glass fibre reinforced polymers - materials 
3 and 4. Table 1 shows their respective material properties. 




and it is calculated using material 
invariants and lamination parameters as defined by Tsai and Pagano 
[22]. The objective function is normalised with respect to the factor 
t2̅̅̅̅
12
√ U1, where U1 is a material invariant (quasi-isotropic modulus) and t is 
Table 1 
Material properties of sample materials.  
Material E11[GPa]  E22[GPa]  G12[GPa]  ν12  
1 181 10.27 7.17 0.28 
2 135 7.5 5 0.30 
3 38.6 8.27 4.14 0.26 
4 53.8 17.9 8.96 0.25  
Table 2 
Minimisation results for tubes made of sample materials.  




xi opt  mBrz min  
1 4 [0 90]s  [0.85 0.15] 0.54 
6 [0 0 90]s  [0.32 0.53 0.15] 0.54 
8 [0 0 0 90]s  [0.29 0.31 0.25 0.15] 0.54 
10 [0 0 0 0 90]s  [0.16 0.33 0.15 0.2 0.15] 0.54 
2 4 [0 90]s  [0.85 0.15] 0.54 
6 [0 0 90]s  [0.4 0.45 0.15] 0.54 
8 [0 0 0 90]s  [0.032 0.19 0.63 0.15] 0.54 
10 [0 0 0 0 90]s  [0.26 0.19 0.2 0.2 0.15] 0.54 
3 4 [0 90]s  [0.67 0.33] 0.81 
6 [0 0 90]s  [0.35 0.32 0.33] 0.81 
8 [0 0 90 90]s  [0.25 0.42 0.13 0.2] 0.81 
10 [0 0 0 90 90]s  [0.2 0.17 0.3 0.23 0.1] 0.81 
4 4 [0 90]s  [0.58 0.42] 0.87 
6 [0 0 90]s  [0.27 0.31 0.42] 0.87 
8 [0 0 90 90]s  [0.34 0.24 0.2 0.22] 0.87 
10 [0 0 0 90 90]s  [0.17 0.2 0.21 0.24 0.18] 0.87  
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for a theoretically isotropic material. The normalised objective 










where the expression for A11D22 is elaborated upon in the next Section 
(Eq. (11)) and 
U1 =
3 E11 + E22 (3 + 2 ν12) + 4 G12 (1 − ν12 ν21)
8 (1 − ν12 ν21)
(3) 
Minimisation is performed using the genetic algorithm optimiser ga, 
within Matlab [23], ensuring a global optimisation. Results are checked 
through the gradient-based optimiser fmincon [23]. 
Table 2 shows the minimisation results for the four sample materials. 
The optimum volume fractions of the laminae, xi opt , and the minimum 
mBrz min for 6, 8 and 10-ply laminates show that the optimum 6, 8, 10-ply 
laminates are equivalent to 4-ply laminates. 
These results show that the optimum symmetric cross-ply laminate 
for the minimisation of MBrz has stacking sequence [0 90 0] and volume 
fractions dependent on material properties. This analysis thus confirms 
our hypothesis for the optimal stacking sequence made in the previous 
section. 
The numerical minimisation was applied to 71 materials with 
properties in the range 7 ≤ E11/E22 ≤ 20, 10.5 ≤ E11/G12 ≤ 42, 1.5 ≤
E22/G12 ≤ 3. The range of material properties is representative of ma-
terials with high levels of orthotropy. These materials are interesting 
because they present relatively small difference in mBrz min between op-
timum 4-ply symmetric laminates with negligible extension-shear and 
bend-twist couplings and optimum symmetric cross-ply laminates. This 
difference, ΔmBrz min, reaches values as little as 1.5% depending on 
material selection, see Fig. 3a. For materials in the described range, a 
maximum ΔmBrz min of 10% was observed. Fig. 3b shows ΔmBrz min for a 
selection of the examined materials with ΔmBrz min ≤ 5%, showing that 
ΔmBrz min is a function of the ratios E11/E22 and E22/G12. 
In the case of materials with smaller orthotropy values, e.g. E11/
E22 ≤ 7, it could be worthwhile considering the addition of ±45-deg 
plies for further minimisation of the Brazier moment. However, this is 
outside the scope of current work. 
3. Analytical solution 
The previous section verified that [0 90 0] is the optimum stacking 
sequence for minimising MBrz considering a design space of symmetric 
cross-ply laminates. This section presents the analytical solution of the 
optimum volume fraction of the 90-deg lamina, x1 opt , of the [0 90 0] 
laminate as a function of material properties. The solution applies to 
circular tubes made of arbitrary materials. 
The product A11D22 is defined using the transformed stiffness Q11, 
Q22. 
Q1190 =Q220 = Q11 (4)  
Q2290 =Q110 = Q22 (5)  
where the sub-indexes 0 and 90 refer to 0 and 90-deg plies, respectively. 
Q11 =E22
/
(1 − ν12ν21) (6)  
Q22 =E11
/
(1 − ν12ν21). (7) 
Then, 











The volume fraction of the 90-deg lamina, x1, is defined as 
x1 = t90/t. (10) 




12 (ν12 ν21 − 1)2
(




x31 − (11)  
Fig. 3. Difference in mBrz min between symmetric cross-ply laminates and 4-ply symmetric laminates for pre-selected materials.  
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E22 (E11 − E22) x1 +E11 E22)





12 (ν12 ν21 − 1)2
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As such, the three critical points of A11D22, x1crit 1,2,3 , are obtained by 
equating Eq. (12) to zero and solving for x1 
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Fig. 4 shows the evaluation of A11D22 in the range − 0.3 ≤ x1 ≤ 1 
including the critical points for four sample materials with properties 
given in Table 1. Note that x1 crit 1 represents the maximum, x1 crit 3 lacks 
physical significance (negative volume fraction) and the minimum x1 opt 



































Then, the optimum laminate for minimising the folding load of 
symmetric cross-ply hinges is [0 90 0] with volume fraction of the 90- 
deg layers given by x1 opt , Eq. (16), which is a function of material 
properties. 
The evaluation of Eq. (16) for 71 materials shows that the imaginary 
part of the solution, Im(x1 opt), is negligible compared with the real part 
of the solution, Re(x1 opt), see Fig. 5. 
3.1. Validation 
The analytical solution is validated through a parametric FE analysis 
evaluating the influence of x1 on the load at which the tube becomes 
unstable, Mi, of tubes with stacking sequence [0 90 0]. Results from 
minimisation, for a given material, are validated if x1 opt obtained from 
the analytical solution coincides with the value of x1 giving the lowest 
Mi in the parametric FE analysis. The validation process is presented for 
material 1. 
For each analysed tube a linear buckling analysis (LBA) and a 
geometrically non-linear static analysis with imperfections (GNIA) using 
the Riks arc-length algorithm, as implemented in Abaqus [17], are 
performed. LBAs are performed for perfect tubes to extract the first 
linear buckling load, λ1, and its corresponding mode shape which is 
introduced as a small imperfection in GNIAs. Mi is obtained through 
GNIAs and corresponds to the first nonlinear limit point or bifurcation 
point. 
The tube is modelled in its full length without the use of symmetry 
using the quadratic shell element S8R5 with element size corresponding 
to the converged solution of λ1. Displacements and rotations at both ends 
of the tube are linked to reference points, RP1 and RP2, located at the 
centre of the cross-section, through a kinematic coupling constraint. RP1 
and RP2 have all degrees of freedom constrained except from the rota-





z = 0). Bending moments, M, of same magnitude 
and opposite sense are applied at the reference points. Additionally, the 
displacement in z-direction is constrained at the nodes A and B located at 
the top and bottom of the mid-span of the tube (uA,Bz = 0). LBAs and 
Fig. 4. Evaluation of A11D22 for 0 < x1 < 1 and critical points (CP1, CP2, CP3) 
for sample materials. 
Fig. 5. Ratio of imaginary and real parts of x1 opt for pre-selected materials.  
Fig. 6. FE model: Geometry, loads and boundary conditions.  
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GNIAs share the same boundary conditions, seeFig. 6. 
All tubes have r = 100 mm and t = 1 mm. The length of the tube, L =
10m, was selected after careful FE parametric-length analysis to ensure 
that boundary conditions have a negligible effect on Mi. Noting that a 
50% increase of this length resulted in less than 2% change of Mi and λ1. 
The model shows good agreement with the FE results from Rotter 
et al. [24] which was used as a benchmark. 
The analytical solution of x1 opt , Eq. (16), delivers x1 opt = 0.15 for 
material 1. Table 3 shows Mi obtained from GNIA for tubes made of 
material 1 and with different values of x1. FE results show that the 
minimum Mi corresponds to a tube with x1 = 0.125. It is worth noting 
that for the considered material, tubes with x1 = 0.1, 0.125 and 0.15 
present only small differences in Mi as is expected upon observation of 
the flatness of the function A11D22(x1) in the vicinity of these values of 
x1, see Fig. 4. For both analytical, x1 = 0.15, and FE, x1 = 0.125, opti-
mum laminates, Fig. 7 shows equilibrium curves obtained from GNIA. 
The difference in instability moment, Mi, between these two tubes is 
only 0.3%. For design purposes, the difference between the analytical 
and FE solution is negligible. 
Moreover, the analytical solution also agrees with results from nu-
merical minimisation data shown in Table 2. It is worth noting that the 
normalisation factor used for mBrz in Table 2 solely depends on material 
properties and the thickness of the laminate, see Eqs. (2) and (3). 
Therefore, the comparison between MBrz min and its respective normal-
ised value, mBrz min, applies fully for the presented results. The analytical 
solution also agrees with the parametric FE analysis and numerical 
optimisation for the rest of sample materials. 
Considering computational expense during the design process, the 
validation study highlights the significance of the analytical solution. 
The computational cost of one GNIA involves solving a linear static 
analysis at each iteration of each step of the equilibrium path. Moreover, 
the computational cost of this process increases with increasing degrees 
of freedom that discretise the structural problem. Therefore, an analyt-
ical solution for this structural problem can greatly speed up the initial 
design of these structures. 
4. Comparison of analytical solutions of MBrz against FE analysis 
The optimum symmetric cross-ply laminate can be defined based on 
material properties using the analytical solution presented in Eq. (16). 
However, the objective function used for minimisation does not deliver 
the magnitude of MBrz which is key for design purposes. MBrz can be 
predicted analytically according to a number of available solutions. 
Geometrically nonlinear FE analysis employs fewer assumptions 
than available analytical solutions but has high computational cost. A 
comparison of FE against analytical solutions can help the designer in 
the choice of analytical solution for preliminary design. 
The results for 36 tubes with stacking sequence [0 90 0] and different 
values of x1 are presented. For these tubes, Figs. 8 and 9 show Mi against 
the analytical solutions of MBrz from Stockwell and Cooper [19], MSBrz; 
Harursampath and Hodges [20], MHBrz; Tatting et al. [21], MTBrz; and 
Kedward [18], MKBrz for materials 1, 2, 3 and 4. All of the considered 
analytical solutions are applicable to cross-ply laminates. FE results fit 
best with the analytical solution proposed by Stockwell and Cooper [19] 
for all examined tubes. A difference of 6% is observed between Mi and 
MSBrz for the optimum laminates made of materials 1 and 2. Materials 3 
and 4 show less than 1% difference between Mi and MSBrz for the opti-
mum laminates. 
5. Investigation of critical instability 
Analytical solutions of MBrz consider that structures only become 
unstable due to the Brazier instability. In contrast, GNIA also considers 
local buckling which can occur due to compressive stress and which 
could precede Brazier instability. This Section investigates whether the 
examined tubes become unstable due to Brazier instability or local 
buckling. This prediction is important for a successful folding process 
that exploits the Brazier moment. In fact, the equilibrium path of a 
circular tube exhibiting Brazier instability is smooth in both its stable 
and unstable regions, see Fig. 2. This means that the structure can 
gradually fold with increasing load. Instead, the equilibrium path of a 
circular tube exhibiting local instability is smooth and stable up to Mi. 
Then, the post-critical branch is highly unstable. The structure exhibits a 
sudden change of shape with associated dynamic effects and localised 
stresses that, if not appropriately considered, can compromise the suc-
cess of the folding process. 
Table 3 
GNIA instability loads, Mi, for [0 90 0] laminates from material 1.  
Laminate 1 2 3 4 5 6 7 
x1  0.025 0.05 0.1 0.125 0.15 0.2 0.3 
Mi[N ⋅mm]
x106  
3.54 3.53 3.52 3.51 3.52 3.58 3.80 
Laminate 8 9 10 11 12 13  
x1  0.4 0.5 0.6 0.7 0.8 0.9  
Mi[N ⋅mm]
x106  
4.19 4.63 5.04 5.35 5.44 5.05    
Fig. 7. Moment-curvature (M,κ) equilibrium curve for analytical and FE optimum laminates for material 1.  
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Tatting et al. [21] defined the parameter, χ, for the prediction of the 
















The term χ applies to laminates with negligible extension-shear and 
bend-twist couplings and is a ratio of the stiffnesses critical to local 
buckling, D11Eθ, and the stiffnesses critical to the Brazier instability, 
D22Ex. Tubes with high values of χ are more likely to reach instability 
due to Brazier phenomena. While tubes with low values of χ become 
unstable by local buckling instability. 
Fig. 10 shows the evaluation of χ for laminates made of the sample 
materials with 0 ≤ x1 ≤ 1. The role of material orthotropy in the prob-
lem becomes evident in Fig. 10 since material 1 and 2, having only a 
small difference in E11/E22(17.6 and 18, respectively), present almost 
identical values of χ. 
Fig. 11 shows an example of the influence of χ. It shows GNIA 
equilibrium curves of two tubes, tube A and B, made from material 1 and 
having the same geometry (L = 10 m, r = 100 mm, t = 1 mm) but 
different values of χ. The layup of tube A is [0 90 0] with 62%of 90-deg 
plies, having χ = 2.1. While the layup of tube B is [90 0 90] with 62%of 
0-deg plies, having χ = 0.5. Fig. 11a shows the moment-curvature curve 
while Fig. 11b shows the moment - cross-sectional flattening relation-









where d is the tube diameter, the subindex 0 denotes the undeformed 
geometry of the tube and ζ is evaluated at the mid-span of the tube. 
Tube A exhibits a more pronounced nonlinear pre-critical behaviour 
than tube B due to larger ζ. The instability load, Mi, of tube A is 9.3% 
smaller than MSBrz. In contrast, tube B exhibits a value of Mi that is 44.7% 
smaller than MSBrz. The non-pronounced cross-sectional flattening of tube 
B and the large difference between MSBrz and Mi observed for tube B 
Fig. 8. Analytical solutions of MBrz against FE instability load, Mi, for tubes made of carbon fibre reinforced polymers, materials 1 and 2.  
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suggests that local buckling precedes Brazier instability for this tube. 
Additional LBA analyses were performed for both tubes to assess this 
possibility. The cross-section of the tube used in the LBA is an elliptical 
approximation of the deformed mid-span cross-section at the moment 
the tube becomes unstable in the GNIA, see Fig. 12. The length of the 
minor axis of the ellipse equals the distance between the highest and 
lowest points of the midspan deformed cross-section at the moment 
when instability occurs. The elliptical approximation of the cross-section 
ensures the consideration of the pre-critical cross-sectional flattening. 
Neglecting the pre-critical deformation of the tube by considering the 
initial undeformed circular cross-section for the LBA significantly 
overestimates the buckling load of the tube because the LBA is based on 
a linearised eigenvalue algorithm. The first buckling load is λe1. Fig. 13 
shows the respective buckling mode for half-span of tubes A and B, the 
mode is symmetric with respect to the plane passing through the mid-
span and parallel to the plane xy. Additionally, Tatting et al. [21] pre-
diction of the local bifurcation moment, λT1, is calculated. The prediction 
of λT1 is based on Seide and Weingarten’s [25] assumption which states 
that the critical local buckling stress of a tube under bending can be 
approximated with the critical buckling stress of a tube under axial 
compression. Note, the radius of the tube under compression corre-
sponds to the largest radius of curvature of the deformed cross-section of 
the tube under bending at the instability moment. 
Mi of tube B is only 1.5% less than λe1. The behaviour of this tube is 
not representative of Brazier instability, it becomes unstable by local 
buckling. 
Fig. 14 shows a comparison of the axial component stress contour 
Fig. 9. Analytical solutions of MBrz against FE instability load, Mi, for tubes made of glass fibre reinforced polymer, materials 3 and 4.  
Fig. 10. Evaluation of χ for [0 90 0] laminates made of materials 1, 2, 3 and 4.  
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plots for half-span of tubes A and B at the instability moment in GNIA 
and the deformed mid-span cross-section when instability occurs. Tube 
B shows localised peak stresses characteristic of local buckling on the 
compressive side of the tube and little flattening compared to tube A. 
An analogous comparison to that shown in Fig. 11 is shown in Fig. 15 
for material 4 - glass fibre reinforced polymer. In this case Tube C has 
stacking sequence [0 90 0] and 60% of 90-deg plies with χ = 1.5. Tube D 
has stacking sequence [90 0 90] and 60% of 0-deg plies with χ = 0.7. 
Note that tube C reaches the highest degree of flattening compared to 
tubes A, B and D and it is also the tube reaching instability closest to its 
prediction of MSBrz, exhibiting only 2% difference between MSBrz and Mi. 
Material 4 is less stiff than material 1, therefore, the ovalisation char-
acteristic of Brazier instability is expected to be more pronounced as 
results show, see Fig. 15b. Analogous to tube B, tube D exhibits less pre- 
critical nonlinear behaviour than tube C. As well as for tube D, λe1 and λ
T
1 
are smaller than MSBrz and closer to Mi. Tube D is more likely to reach 
instability due to local buckling. 
All observations made in this section support the results of Tatting 
et al. regarding χ. As such, large values of χ represent structures more 
likely to become unstable due to Brazier instability, i.e. cross-sectional 
Fig. 11. Equilibrium curves of two tubes made of material 1 with different values of χ.  
Fig. 12. Midspan cross-section at instability point from GNIA and elliptical 
cross-section approximation used for LBA. 
Fig. 13. 1st buckling mode (local buckling) for half-span of tubes A and B (elliptical approximation cross-section).  
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ovalisation, while small values of χ represent structures (e.g. tubes B and 
D) that are more likely to become unstable due to local buckling. Tatting 
et al. [21] present results comparing the instability points of both in-
stabilities for tubes with 0 < χ < 4. Fig. 16 presents the comparison of 
the instability loads of the two instability types for laminates with 0 ≤
χ ≤ 3 as defined by Tatting et al. In this figure, the normalised Brazier 
limit moment, mTBrz, and the normalised bifurcation local buckling 
moment, λT1, are calculated according to Tatting et al. [21]. Additionally, 
this plot includes the normalised Brazier limit moment according to 
Stockwell and Cooper, mSBrz, since our results show it gives the most 
accurate prediction, see Section 4. Moreover, for tubes made of mate-
rials 1, 2, 3 and 4, with stacking sequence [0 90 0] and different values of 
x1, this plot includes the normalised instability moment from GNIA, mi, 
and the normalised bifurcation local buckling moment from LBA, λe1. All 
moments are normalised as per Tatting et al. [21] using the classical 






Fig. 16 shows how the two instability loads are similarly valued for 
larger values of χ which correspond to carbon fibre reinforced laminates, 
while glass-fibre reinforced laminates have larger differences between 
instability loads. Moreover, laminates made of glass fibre reinforced 
polymer have small differences between their instability load from 
GNIA, Mi, and the prediction MSBrz. Laminates made from materials 3 and 
4 are more likely to reach instability due to Brazier instability. 
On the other hand, for laminates made of materials 1 and 2 the 
instability points for local buckling and Brazier instability are highly 
Fig. 14. Axial component stress contour plot at instability moment for half-span of tubes A and B.  
Fig. 15. Equilibrium curves of two tubes made of material 4 with different values of χ.  
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similar, making it troublesome for the prediction of the instability mode 
more likely to happen first. An investigation to determine which is the 
critical instability for these tubes follows. 
Local buckling was studied numerically through LBA using straight 
tubes having an elliptical cross-section which approximates the 
deformed midspan cross-section at the moment of instability in GNIA, 
see Fig. 12. In parallel, the Brazier instability was identified using 
Stockwell and Cooper’s analytical solution [19]. Then Mi is compared 
against λe1 and MSBrz to identify the type of instability. Fig. 17 shows, for 
tubes with different values of x1 and made of sample materials 1 and 2, a 
comparison of Mi, MSBrz and λ
e
1. Also results for materials 3 and 4 are 
presented to illustrate the contrast between the behaviour of the 
carbon-fibre reinforced material and glass fibre-reinforced material. 
Results presented in Fig. 17 suggest that the majority of tubes made 
of materials 1 and 2 reach instability due to local buckling before MBrz is 
reached. However, it must be noted that the GNIA model includes a 
small geometrical imperfection corresponding to the first buckling 
mode, i.e. local buckling. Cylinders are known to be imperfection sen-
sitive structures. There are relatively few papers on imperfection 
sensitivity of cylinders under bending. Fajuyitan et al. [26,27] studied 
the imperfection sensitivity of isotropic tubes under bending. To the best 
of the authors’ knowledge, no studies dedicated to imperfection sensi-
tivity of orthotropic cylinders under bending are available, so further 
information relevant for purposes can be gleaned. 
To assess the influence of the original imperfection used in the model 
(imperfection type 1) on the critical instability, GNIAs were performed 
using different imperfections. The new imperfection type (imperfection 
type 2) is a mesh perturbation at the midspan of the tensile side of the 
Fig. 16. Evaluation of mTBrz, mSBrz, λ
T , λe1, mi for laminates with 0 ≤ χ ≤ 3.  
Fig. 17. Comparison of Mi, MSBrz and λ
e
1.  
A.G. Bowen et al.                                                                                                                                                                                                                               
Thin-Walled Structures 158 (2021) 107122
12
tube achieved by offsetting the corresponding node towards the neutral 
plane of the tube, see Fig. 18. The location of the mesh perturbation in 
the tensile side of the tube avoids the potential enforcement of local 
buckling and slightly flattens the cross-section locally. A comparison of 
these imperfection types was performed for four tubes with geometry 
and material given in Table 4. All tubes have stacking sequence [0 90 0]. 
Fig. 19a shows Mimp 1i , M
imp 2
i , MSBrz and λ
e
1 for tubes 1, 2, 3 and 4. For 
these tubes, Mimp 2i ¿ M
imp 1
i . Fig. 19b presents the percentage difference 
between Mimp 1i and M
imp 2
i against MSBrz. M
imp 2
i present a difference 
against MSBrz of between 1.4% and 3.1%. While the range of difference of 
Mimp 1i and MSBrz is between 5.6% and 10.2%. Results show that tubes 
with imperfection type 2 become unstable at a load higher than the crit-
ical load for local buckling instability and closer to the prediction of MBrz 
according to Stockwell and Cooper. 
Our analysis suggests that for tubes with large values of χ, where the 
instability loads of Brazier instability and local buckling almost coin-
cide, the type of imperfection present in the tube favours the tube to 
become unstable by the instability corresponding to that imperfection. 
This consideration could constitute an additional degree of freedom in 
design, especially when real structures are considered. The prediction of 
the critical instability for tubes with large values of χ is troublesome for 
practical purposes. For these tubes, if it is desired that they become 
unstable specifically due to the Brazier instability, the Brazier instability 
could be induced enforcing the ovalisation of the cross-section by 
external means, e.g. external pressure, adequate imperfections. 
6. Conclusions 
An analytical solution of the optimum laminate for the minimisation 
of the folding load of flexible hinges made of symmetric cross-ply lam-
inates of arbitrary materials has been presented. The solution shows that 
the optimum laminate has stacking sequence [0 90 0] and its volume 
fraction is an algebraic function of material orthotropy. Good agreement 
was found between the analytical solution, geometrically nonlinear FE 
analysis and numerical minimisation. 
Flexible hinges made of symmetric cross-ply laminates using mate-
rials with high levels of orthotropy prove to be interesting since their 
Fig. 18. Mid-span tube section showing imperfection type 2.  
Table 4 
Tubes examined for the assessment of the influence of imperfection type on the 
instability load, Mi.  
Tube 1 2 3 4 
Material 1 1 2 2 
x1  0.5 0.9 0.5 0.9  
Fig. 19. Results comparison for imperfection types 1 and 2.  
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difference in minimum Brazier moment, i.e. folding load, can be as little 
as 1.5 % against generic 4-ply symmetric laminates with negligible 
extension-shear and bend-twist couplings. 
With the aim of assisting the designer in the prediction of folding 
loads duringreliminary design, a comparison of analytical solutions 
against FE analysis was offered. The analytical solution from Stockwell 
and Cooper [19] fits best with FE results and is so recommended for 
preliminary design, showing a maximum difference of 6% against FE 
results for the optimum laminates. Additionally, insights on the pre-
diction of the instability mode most likely to initially take place for the 
examined tubes, i.e. Brazier instability or local buckling instability, were 
provided. The parameter, χ, proposed by Tatting et al. [21] for the 
prediction of the instability mechanism was considered. For tubes with 
stacking sequence [0 90 0], the parameter showed itself to be of prac-
tical importance for small values - i.e. tubes made of glass fibre rein-
forced polymer. For larger values of χ, which represents carbon fibre 
reinforced polymer, the close proximity of instability points complicates 
the use of the parameter for prediction purposes. However, geometri-
cally nonlinear FE analysis showed that the desired instability could be 
enforced by superposing a deformation corresponding to the desired 
instability. In fact, the four scrutinised tubes with an imperfection 
characteristic of Brazier instability presented a range of differences be-
tween 1.4 and 3.1%. reflecting the range between the instability load 
from geometrically nonlinear FE analysis and the prediction of Brazier 
moment according to Stockwell and Cooper [19]. The possibility of 
controlling the instability type occurring during folding is of particular 
interest to influence post-critical behaviour, i.e. the behaviour of the 
structure while folding occurs. 
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